Introduction
In [4] Mumford proposes to use Petri's analysis of the canonical ideal to obtain the moduli space of the smooth projective curves. Adapting Munford's idea, Stöhr [10] developed a method to construct the moduli space of pointed Gorenstein curves with a prescribed Weierstrass gap sequence. The Stöhr's method consists in deforming a canonically embedded curve in the (g −1)-dimensional projective space and using Gröbner basis techniques for describing explicitly the moduli space. Applying his method, Stöhr [10] gave a rather explicit construction of the moduli space of pointed curves with a given symmetric Weierstrass semigroup (that is, the largest gap is equal to 2g − 1) by deforming an reduced irreducible singular curve. Later, Oliveira and Stöhr [6] constructed the moduli space of pointed Gorenstein curves with a quasi-symmetric Weierstrass semigroup (that is, the largest gap is equal to 2g − 2) by deforming a reduced reducible singular curve.
In this work we follow this way and algorithmically construct the moduli space of pointed Gorenstein curves with Weierstrass gap sequence 1, 2, . . ., g − 2, λ, 2g − 3, where 3g − 5 < 2λ < 4g − 8 and g 6, by deforming a nonreduced reducible Gorenstein curve.
In Section 2 we obtain monomial bases for the vector spaces of higher order differentials on such curves. In Section 3 we study the nonreduced reducible curve that is deformed for obtaining the moduli space. In Sections 4 and 5 we explicitly construct the moduli space. Furthermore, in Section 5 we present an algorithm for computing the moduli space and exemplify it by working out the case of the gap sequence 1, 2, 3, 4, 7, 9.
Monomial bases for the spaces of higher order differentials
Let C be a regular, complete, irreducible, nonhyperelliptic curve of genus g defined over an algebraically closed field k, and let P be a point of C with Weierstrass gap sequence l 1 , l 2 , . . . , l g . By the Riemann-Roch theorem there exist regular differentials ω l 1 , ω l 2 , . . . , ω l g on C whose orders at P are l 1 − 1, l 2 − 1, . . ., l g − 1, respectively.
Because we assumed that C is nonhyperelliptic, we can identify it with its image under the canonical embedding Thus C becomes a projective, nondegenerate curve of genus g and degree 2g − 2 in P g−1 k .
Let Ω n C (0) be the vector space of regular differentials of order n on C. In order to apply the Stöhr's construction, we present a monomial basis for Ω n C (0). 
Proof. Observing that 2λ − l g is not in {1, 2, . . ., g − 2, λ, 2g − 3}, the result follows from [8, Theorem 2.1]. 2
A canonical nonreduced reducible curve
Let L = {1, 2, . . ., g − 2, λ, 2g − 3}, where 3g − 5 < 2λ < 4g − 8 and g 6. Easily we verify that N − L is an additive subsemigroup of N, i.e., L is the gap sequence of a numerical semigroup. We will denote by L 2 the set {2, 3, . . ., 3g − 5, 2λ, λ + 2g − 3, 4g − 6} of all sums of two gaps. For each s ∈ L 2 we consider all the partitions of s as sums of two gaps
where a si b si and a si , b si ∈ L. We put a s = a s0 and b s = b s0 , where b s0 is the biggest among the b si 's. We want to study the subscheme C 0 of P 
Related to the second term appearing on the definition given above, we define the following. 
si .
(iii) For each n 2 it is true that I 0 n ∩ Λ n = 0. (ii) If 1 j 2g − 4 − λ, we have
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We will now obtain information about the scheme C 0 . The following proposition tells us what are the isolated components of C 0 . 
with the projective line
Proof. It is obvious that D ⊂ Z(I 0 ).
On the other hand, the numbers λ + λ, λ + l g , and l g + l g cannot be written, in a different way, as sums of two gaps. So the line
. If w 1 = 0 we put w 1 = 1, w 2 = t and solve recursively the system F (0) si = 0. Easily we find that w l i = t l i −1 for every i. If w 1 = 0, then, observing that 2l r = l i r + l j r for i r = r and 2 r g − 2, it follows that w l i = 0 for each i g − 2 and we conclude that
The Proposition 3.4 shows that the scheme C 0 is a connected curve. A question that arises naturally is whether C 0 has embedded points. The next proposition answers this question. Proof. We have to prove that the homogeneous ring
is Cohen-Macaulay. We know from the Proposition 3.4 that the Krull dimension of R is 2. Thus it is sufficient showing that W l g , W l 1 − W λ form a R-sequence. At first we observe that the class of W l g in R is not a zero divisor. In fact, let W l g P ∈ I 0 n . By Proposition 3.3(ii), we can write As we will see in the next paragraph, in order to obtain an effective method for the construction of the moduli space of pointed curves with Weierstrass semigroup having the set of gaps L = {1, . . ., g − 2, λ, 2g − 3} it is necessary that the curve C 0 be a canonical curve (see We can now prove the main result of this paragraph.
Theorem 3.7. The curve C 0 is a canonical curve.
Proof. We know by Proposition 3.5 that C 0 has pure dimension 1. It is also true by Proposition 3.3(ii) and (iii) that
. . , W l g ] n and that the Hilbert's polinomial of the curve C 0 is 2(g − 1)n + 1 − g for each n 2. Thus the curve C 0 has degree 2g − 2 and genus g. On the other hand, puttingĨ 0 for the sheaf of ideals associated to I 0 in P g−1 k , it follows from the fact that the homogeneous coordinate ring of C 0 is Cohen-Macaulay that
it is sufficient to prove that the homogeneous coordinate ring R of C 0 is a Gorenstein ring. In fact, in this case the canonical module of R is R(n) for some n (cf. [1, p. 545]). Because ω C 0 ∼ = R(n) it follows from the duality theorem of Grothendieck that
We have just proved that ω C 0 ∼ = O C 0 (1) and therefore C 0 is a canonical curve. For proving that the homogeneous coordinate ring of C 0 is Gorenstein we proceed as follows. Because W l g , W l 1 − W λ is a R-sequence, it follows that R is Gorenstein if and only if A = R/(W l 1 − W λ , W l g ) is a Gorenstein ring. We know that dim k R 0 = 1, dim k R 1 = g, and dim k R n = (2n − 1)(g − 1), for n 2, and therefore the Hilbert series of R is
Thus, the Hilbert series of A is F (A, t) = 1 + (g − 2)t + (g − 2)t 2 + t 3 and hence A can be written as the sum of vector spaces
But A has dimension zero, so it is a Gorenstein ring if and only if A 3 is the annihilator of the maximal ideal of A (cf. [1, Proposition 21.5]). It is straightforward verifying that the following elements form a k-basis for the A i 's:
Let M = M 0 + M 1 + M 2 + M 3 be an element in the annihilator of (W l 1 , . . . , W l g−2 ) , the maximal ideal of A.
In the same way, it follows from W l M 1 = 0, with l successively equals to
Deforming the curve C 0 by the method of Stöhr
In this section we apply the method of Stöhr in order to obtain the moduli space of pointed nonsingular canonical curves (C, P ) where P is a point of C with gap sequence 1, 2, . . ., g − 2, λ, 2g − 3, where 3g − 5 < 2λ < 4g − 8 and g 6. At first, for the reader convenience, we explain the method. The interested reader can obtain more informations in [5, 6, 10] .
Let C be a nonsingular, irreducible, nonhyperelliptic curve of genus g, canonically embedded in P is arithmetically Cohen-Macaulay. Then we have that
or, equivalently dim k I n (C) = n+g−1 n − (2n − 1)(g − 1) for each n 2. In particular, the vector space I 2 (C) of quadratic relations has dimension ((g − 2)(g − 3))/2. The 3g − 3 quadratic differentials ω a s ω b s , s ∈ L 2 , appearing in Theorem 2.1 form a P -Hermitian basis of Ω 2 C (0). After normalization, we obtain for each s ∈ L 2 and each i = be a canonical curve C having a nonsingular point P = (1 : 0 : · · · : 0) where the intersection multiplicities of C with the osculating spaces of C at P are
In relation to the total ordering we have defined in Section 3, the initial monomial of F si is W a si W b si . When M is any of the cubic monomials listed in Proposition 3.3(ii), we introduce the form G 1 , G 2 , . . . , G t in such a way that the exponents of its initial monomial form a increasing sequence in the total ordering of N g . A si F si divided by G 1 , G 2 , . divided by G 1 , G 2 , . . . , G t is zero.
Theorem 4.1 [6, Theorem 2.2 and Corollaries]. Let I be the ideal generated by the
In addition, the curve C of item (i) has a unique component passing through the nonsingular point P = (1 : 0 : · · · : 0) whose contact orders with the hyperplanes defined by the equations W l = 0 are the integers l − 1 with l ∈ L = {1, 2, . . ., g − 2, λ, 2g − 3}.
Proof. Since dim k Λ n = (2g − 2)n + 1 − g, we conclude that (i) is equivalent to the existence of a integer n 0 such that for each n n 0 its true that I n ∩ Λ n = 0. Thus, it follows from W m l g Λ n ⊆ Λ n+m that (i) and (ii) are equivalent. Now, let F be a homogeneous polynomial in W l 1 , . . . , W l g of degree n. Applying the division algorithm, we get the decomposition F = G + R where G ∈ I n and R is the remainder of F divided by G 1 , G 2 , . . . , G t which, by Proposition 3.3 belongs to Λ n . If F ∈ Λ n , then F = R, and if furthermore F ∈ I n , then F = 0 provided that G 1 , G 2 , . . . , G t form a Gröbner basis of I . If F ∈ I n , then R = F − G ∈ I n and therefore R = 0 provided that I n ∩ Λ n = 0. This proves that (ii) and (iii) are equivalents.
Denoting by R the remainder in (iv), it is obvious that R ∈ I n ∩ Λ n , thus (iv) is a consequence of (ii). Let si A si F (0) si = 0 be an isobaric syzygy of degree n and weight w where A si for each pair (s, w) is either zero or an isobaric form of degree n − 2 and weight w −s. Observing that F = si A si F si is a sum of monomials of degree n and weight larger than w, and denoting by R its remainder divided by G 1 , G 2 , . . . , G t , we can write F = si B si F si + R where B si for each pair (s, i) is the sum of monomials of degree n − 2 and weight larger than w −s. Thus R = si (A si −B si )F si and A si −B si is for each pair (s, i) a sum of isobaric forms of degree n − 2 and weight not smaller than w − s whose component of weight w − s is A si . Therefore when R = 0 we obtain the desired syzygy of I . We have proved that (v) is a consequence of (iv). Obviously (vi) is a consequence of (ii). We know from Theorem 3.7 that C 0 is a canonical curve, thus it follows from [9, Proposition 3.2] and from the Petri's original argument (cf. [6, Proposition 1.6]) that the syzygy of I 0 are generated by the linear syzygies and the trivial ones. So (iv) is implied by (vii).
To finish our proof we will prove that (v) implies (ii). We argument by way of contradiction. Assume that there is an equation H = si A si F si where 0 = H ∈ Λ n and each A si is a form of degree n − 2. Let w be the smallest weight occurring in H . Denoting by H w , respectively A sir , the isobaric component of H , respectively A si , of weight w, respectively of weight w − s, we obtain the equation
si . Since C 0 is a canonical curve, in particular, we have that I n ∩ Λ n = 0 and we conclude that H w = 0, an absurd.
Finally, by dehomogenizing W l 1 → 1 we can see that the hypersurfaces given by the polynomials F s1 where s = 1 + l j (j = 3, . . . , g) intersect transversally at the point P = (1 : 0 : · · · : 0). So there is a unique component of C passing through P , and it is nonsingular at P with tangent line given by t → (1 : t : 0 : · · · : 0). If (x l 1 : x l 2 : · · · : x l g ), where x l 1 = 1, x l 2 = t, and x l j ∈ t 2 kJtK (j = 3, . . ., g), is a parameterization of this component at P , its coefficients can be computed recursively from the equations F 1+l (1, t, x l 3 , . . . , x l g ) = −x l +· · · = 0. We obtain x l j = t l−1 + sum of higher order terms. Thus the intersection multiplicity of the curve C and the hyperplanes W l = 0 at P is equal to l − 1 for each l ∈ L. 2
The moduli space and an algorithm for computing it
Now we search for the moduli space of projective, nonsingular, irreducible, pointed curves (C, P ) where P is a point of C with the prescribed gap sequence 1, 2, . . ., g − 2, λ, 2g − 3, where 3g − 5 < 2λ < 4g − 8 and g 6. In order to do this, we repeat the Stöhr's construction, applying it to our case. Our use of this method is justified by the following result. In the case that our semigroup is a Weierstrass semigroup we obtain the following corollary.
Corollary 5.2 [6, Corollary 3.3] . The isomorphism of the normalized, nonsingular, irreducible, pointed curves (C, P ) are exactly of the form
where z ∈ G m (k) with z r−s = 1 wherever c sir = 0 for some i.
We do not have any proof that our semigroups are Weierstrass semigroups for all g and λ or, in other words, that the open subset of the smooth curves in the moduli space of Theorem 5.1 is not empty for some g and λ. As it is apparent, our procedure for calculating these moduli spaces does not control the smoothness of the deformations and, in our method, the Jacobian criterion is ineffective for a priori reasonings. However, it is worth noting that the explicit description of the moduli space that the method gives to us is a very effective tool for obtaining smooth curves that realize the semigroups as Weierstrass semigroups, in the case they exist. In fact, because the nonsingular curves correspond to an open subset in the moduli variety, if we choose an "aleatory point" in the moduli it should correspond to a nonsingular curve for "almost every" choice. In the forthcoming paper [7] , G. Oliveira and the author follow these ideas to show that some numerical semigroups are Weierstrass semigroups. W l F si by G 1 , G 2 , . . . , G t and output the remainders. Comments: Imposing that the coefficients of the output are zero, we obtain the set of equations describing the moduli space. The correctness follows from Theorem 4.1(vii) and [10, Proposition 3.1]. There are several algorithms for doing steps 1 and 3. It is worth noting that the choices made in step 2 affect the output.
To conclude our work we illustrate the method with an example. We choose L = {1, 2, 3, 4, 7, 9}, where g = 6 and λ = 7. The ideal I (C) is generated by ((g − 2)(g − 3))/2 = 6 quadratic forms F s = F s1 where s ∈ {4, 5, 6, 8, 10, 11}. Using Theorem 5.1, we normalise the following (g(g − 1))/2 = 15 coefficients: the coefficient c 11,1,14 in F 11 , the coefficients c 10,1,11 and c 10,1,12 in F 10 , the coefficients c 8,1,9 and c 8, 1, 14 So, the moduli space of pointed nonsingular irreducible curves with Weierstrass gap sequence 1, 2, 3, 4, 7, 9 is an open subvariety, given by the Jacobian criterion, of the projective space of dimension 11. Since g = 6, our numerical semigroup is represented as a Weierstrass semigroup of a nonsingular curve (cf. [3] ). Therefore, the open subvariety is not empty and consequently has dimension 11. It is worth recalling that the expected dimension in this case is (3g − 2) − weight of the semigroup = 16 − 5 = 11, and the semigroup N = N − {1, 2, 3, 4, 7, 9} is dimensionally proper (cf. [2, p. 496] ). It is apparent that what we constructed was a compactification of the moduli variety. An interesting question is knowing whether in the procedure of compactifying the moduli space of pointed nonsingular irreducible curves we introduced points that do not correspond to canonical curves. In [6] it is given a criterion to decide this question in the case of quasi-symmetric semigroups (the existence of certain cubic). In our case we can apply the methods used in Section 3 to study the curve C 0 . After some calculations we can verify that all the curves defined by the equations F s 's are canonical curves. We can say that we obtained the moduli space of pointed canonical curves (C, P ) with P a nonsingular point of C whose osculating spaces of C at P pass through P with intersection multiplicity equal to 0, 1, 2, 3, 6, 8 and finite automorphism group. Observe that this construction excludes the curve C 0 (improper point in the moduli variety) that has G m (k) as its group of automorphisms.
